In this paper, we explore P-type learning laws for impulsive Riemann-Liouville fractional-order controlled systems (0 < α < 1) with initial state offset bounded to track the varying reference accurately by using a few iterations in a finite time interval. By using the Gronwall inequality and fundamental inequalities, we obtain open-loop and closed-loop P-type robust convergence results in the sense of (PC 1-α , λ)-norm · PC 1-α ,λ . Finally, numerical examples are given to illustrate our theoretical results.
Introduction
Since Uchiyama and Arimoto put forward the concept of iterative learning control (ILC for short), ILC has been extended to tracking tasks with iteratively varying reference trajectories [-] extensively. Up to now, a wide variety of iterative learning control problems and related issues have been proposed and studied in many fields. For example, ILC for fractional differential systems [-], ILC for impulsive differential systems [, ] , research on the robustness of ILC [-], and so on.
Recently, the fractional-order differential system has played an important role in various fields such as electricity, signal and image processing, neural networks [-] , and control problems [] . Furthermore, the qualitative theory of fractional differential systems has been studied extensively. The existence theory of solutions to fractional-order differential equations involving Riemann-Liouville and Caputo derivatives has been investigated in [-] . Meanwhile, it is remarkable that some interesting existence and controllability results have been obtained for fractional controlled systems involving the Caputo derivative [-] . Moreover, the concept and existence of solutions for impulsive fractional differential equations involving Riemann-Liouville and Caputo derivatives have been studied in [-] . There are few papers on ILC for integer-order and Caputo type fractional-order impulsive differential systems [-]. Since Riemann-Liouville fractional-order systems play the same important role in theory analysis and application, it is necessary to deal with ILC problems for Riemann-Liouville type fractional impulsive differential systems.
In this paper, we discuss ILC for impulsive Riemann-Liouville fractional controlled systems with initial state offset bounded and present the robust convergence analysis results. More precisely, we study
where D α ,t denotes Riemann-Liouville fractional derivatives of the order α ∈ (, ) from lower limit zero and I -α ,t denotes Riemann-Liouville fractional integral the order  -α from lower limit zero (see Definition .), k denotes the kth learning iteration, T denotes pre-fixed iteration domain length, impulsive term
where 
n represent the state interference and output disturbance, respectively. The variables x k , u k , y k ∈ R n denote state, input, and output, respectively. Moreover, B is a n × n real matrix. According to [] , (.), the continuous solution of the system () can be formulated by the solution of the fractional integral equations
where E α,α denotes Mittag-Leffler type function (see Definition .).
The ILC problems for Riemann-Liouville type fractional impulsive differential systems have not been studied extensively. The main difficulties are the following two facts:
(i) The initial value involving singular term in Riemann-Liouville fractional differential equations of order α ∈ (, ) is much different from Caputo fractional differential equations with the same order. (ii) Impulsive conditions make the formula of solutions to fractional differential equations more complex due to the memory property of the fractional derivative. After carefully observing, we have to introduce the piecewise continuous space with weighted norm to deal with the singular term appearing in the initial condition via a new singular impulsive Gronwall inequality, which is the main difficult to be solved by us.
For the system (), we consider an open-loop P-type ILC updating law with the initial state offset bounded,
and a closed-loop P-type ILC updating law learning with initial state offset bounded,
where The main contribution of this paper are as follows.
(i) We establish a standard study framework of the ILC problem for an impulsive Riemann-Liouville fractional system associated with an impulsive Gronwall inequality with singular kernel given by us (see [] , Lemma .
). (ii) Sufficient conditions ensuring the robust convergence of ILC problem for impulsive
Riemann-Liouville fractional system with order lying in (, ) are derived. The rest of this paper is organized as follows. In Section , we give some necessary notations, concepts, and lemmas. In Section , two sufficient conditions ensuring convergence results of the system () are presented. An interesting example is given in the final section to demonstrate the application of our main results.
Preliminaries
n ) be the Banach space of vector-value continuous functions from J → R n endowed with the standard norm · . In order to define the solutions of system (),
Next, we recall some basic definitions on fractional calculus.
where (·) is the Gamma function.
Definition . (see [], (..)) The two-parameter Mittag-Leffler type function is defined by
The following lemmas will be used in the sequel.
satisfy the following inequality:
where c  (t) is nonnegative continuous and nondecreasing on J, and c  , θ j >  are constants. Then
where θ = max{θ j : j = , , . . . , m}. 
Then we have
Robust convergence analysis of P-type
In this section, we discuss robust convergence results for () via an ILC of an open-loop P-type ILC () and closed-loop (), respectively. For a start, we impose the following assumptions:
for any x,x, u,û ∈ R n and all t ∈ J.
The function g : J × R n → R n is continuous and there exists a constant L g >  such that
for any x,x ∈ R n and all t ∈ J.
We have the function G j : J × R n → R n , j = , , . . . , m, and there exists a nonnegative
(A  ) For uncertainty and disturbance terms ξ k (t) ∈ R n , η k (t) ∈ R n and the initial value x k () ∈ R n are bounded as follows, for all t ∈ (t j , t j+ ], j = , , . . . , m, and for any k, ξ k+ (t) - Proof Without loss of generality, we only consider t ∈ (t j , t j+ ], j = , , , . . . , m. Linking () and (), we have
Taking the norm · on both sides of (), one can derive that
In the following, we prove e k+ PC -α ,λ is uniformly bounded as k → ∞. Taking the norm · on both sides of (), one can apply (A  ) and (A  ) to derive that
Multiplying (t -t j ) -α on both sides of (), using (A  ) we have
Note that the fact
Then () reduces to
For the inequality (), we set v(t) = (t -t i )
-α x k (t) . Then one can apply Lemma . to derive that
where
Multiplying e -λ(t-t j ) on both sides of () and noting the fact that E α (z), z >  is an increasing function, we have
For (), one can take the (PC -α , λ)-norm to derive that
Linking () and (), we have
Submitting () into (), we obtain
Note that there exists a large enough λ such thatq <  due to I -BP o < . Concerning (), one can use Lemma . to derive that Proof Similar to the proof of Theorem ., we consider t ∈ (t j , t j+ ], j = , , . . . , m. Linking () and (), we have
Taking the norm · on both sides of (), we have
Next, we apply the analogy method in Theorem . to prove that e k+ PC -α ,λ is uniformly bounded as k → ∞.
By repeating the procedure to derive (), one has
where N j , θ , and N max are defined in Theorem .. Substituting () into (), we have
Taking () into (), we have
which implies that
Then () reduces to
e k+ PC -α ,λ ≤q e k PC -α ,λ +M.
It is not difficult to see thatq <  for some large enough λ. By Lemma ., we have
Thus, the demised results are obtained immediately. The proof is finished. 
Simulation examples
In this section, one numerical example is presented to demonstrate the validity of the designed method. In order to describe the stability of the system which is associated with the increase of the iterations, we denote the total energy in the kth iteration as
Example . Consider the following impulsive fractional controlled systems:
and the P-type ILC u k+ (t) = u k (t) + P o e k (t). Set
The original reference trajectory is a piecewise continuous function, 
Conclusions:
From Figures  and  or  and , we can see that the tracking error decreases with k increasing. From Figures  and  or  and , we can see that the tracking error decreases with P o increasing.
Conclusions
Due to the fact that impulse phenomenon and fractional-order systems widely exist in engineering, we investigated the P-type learning laws for impulsive Riemann-Liouville fractional-order controlled systems ( < α < ) with initial state offset bounded. We obtain open-loop and closed-loop P-type robust convergence results in the sense of (PC -α , λ)-norm · PC -α ,λ via an impulsive Gronwall inequality. Furthermore, one example is given to verify the effectiveness and feasibility of the obtained results. The proposed scheme can deal with the robust convergence of impulsive Riemann-Liouville fractional systems. We would like to point out that it is possible to extend our results to other impulsive fractionalorder models such as non-instantaneous impulsive fractional-order systems and so on.
